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Abstract

In this Letter, we investigate a model elaborated by Wilke et al. to explain various regimes observed in a heliu
discharge [Phys. Lett. A 136 (1989) 114] for which the underlying dynamics can be chaotic, quasi-periodic, etc. We fo
this model does not obey all the required physical principles. A new one is therefore proposed. It is mainly based on s
balance equations for charged species resulting from the propagation of ionization waves.
 2004 Elsevier B.V. All rights reserved.

PACS: 52.80.-s; 52.35.Mw; 82.33.Xj
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1. Introduction

The positive column of a dc or ac glow discharge
metallic vapors, noble or molecular gases is almos
ways crossed by moving striations leading to quick
cillations of the light intensity collected at a given l
cation [2]. Rayment and Twiddy have experimenta
established that these waves are accompanied b
cillations of the electron energy distribution functio
(eedf in the following) [3]. If the discharge voltag
is disturbed periodically by an ac voltage with a lo
modulation depthm, the frequency of the striation
locks on that of the periodic excitation following a lin
ear regime. By increasingm, a frequency spectrum o
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0375-9601/$ – see front matter 2004 Elsevier B.V. All rights reserved
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the collected light intensity containing subharmon
and broadband noise is observed: for particular va
of the control parameters, these striations may bec
chaotic [4].

In order to identify the main processes respons
for the behaviors observed in the case of helium (
the experimental device in Fig. 1) for the conditio
summarized in Table 1 and to analyze the influe
of chemistry, Wilke et al. [1] developed a non-line
chemical model based on the balance equation
electrons and excited atoms. After introducing th
set of equations that do not satisfy all the physi
principles, a new set of equations is discussed. Th
equations involve new rate coefficients from up-da
data for the elementary processes. Moreover, we
cuss thoroughly the propagation of ionization wav
and their influence upon these equations in orde
complete the model.
.
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Fig. 1. Schematic experimental device used by Wilke et al. where the voltage delivered by the electric source isU(t) =U=(1+mcosΩ t).
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Table 1
Experimental conditions for the model by Wilke et al. (see Fig. 1
the device)

Parameter Notation Value

Discharge length l0 41 cm
Radius r0 1 cm
Temperature T0 300 K
Pressure p0 1.8 Torr
Current i0 1–5 mA

The subsequent part of this Letter is organized
follows. Section 2 introduces the model by Wilk
and his co-workers. In Section 3 an improved se
equations is proposed for a better description of
physical processes. Section 4 gives a conclusion.

2. The model by Wilke et al.

The balance equation for the electrons and
excited atoms of helium is written under the form:

(1)
∂nj

∂t
+ ∂Ij

∂x
+ nj

τj
− Pj = 0,

wheren is the density of the particles,I their flux
density andτ their lifetime due to the diffusion to
the wall of the cylinder containing the plasma a
the destruction by chemical reactions.j = a for the
excited atoms andj = e for electrons.Pj is their
production rate.

In the case of electrons, the electroneutrality le
to a uniform electric field in the positive column so th
∂Ij /∂x is reduced to the contribution of the diffusio
Moreover, this leads to the ambipolar approach. T
orders of magnitude for the mobilities of ions a
electrons as well as their diffusion coefficients allo
the ambipolar diffusion coefficient to be written und
the following form:

(2)Dam = bp

be
De,

where be, bp and De are the mobilities for the
electrons, the ions and the diffusion coefficient of
electrons, respectively. According to Wilke and c
workers [1], Eq. (1) becomes:

(3)
∂ne

∂t
+ bp

be
De

∂2ne

∂x2
+ ne

τe
− Pe = 0.

Hence, the diffusion flux density is:

(4)Ie = +bp

be
De

∂ne

∂x

for which be, bp and De are uniform. This form
cannot be correct since it suggests a drift veloc
oriented towards the highest concentrations of e
trons when there is no external source such as
electric field. This is in conflict with the second la
of thermodynamics. Such a contradiction will ha
deep consequences on the dynamics. In particular
chaotic behaviors generated by this model and
perimentally observed will not be recovered with
corrected diffusion flux density. This will be detaile
later.
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Table 2
Rate coefficients in m3 s−1 used by Wilke et al. and us. The reduced electric field is expressed in Td (1 Td= 10−21 V m2)

Rate coeff. Value used by Wilke et al. [1] Our value

z0∞ 4.08× 10−28(E/n)7.3 1.8× 10−25(E/n)5.6

za∞ 2.70× 10−14(E/n)0.65 ⇐� the same
za 1.1× 10−15 see Table 3
zme 3× 10−13 + 5.15× 10−16(E/n) 2.4× 10−14(E/n)0.44

z0a 7.01× 10−23(E/n)4.5 8.7× 10−21(E/n)2.8
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The usual assumption about the radial diffusion
to consider only the fundamental mode correspond
to the most important characteristic time. Moreov
the bulk recombination is neglected:τj is therefore
proportional tor2

0/Dj .
The chemical reactions taken into account re

from the simplified energetic diagram. Considering
ground state, the excited levels and the fundame
level of the ions, the electrons are produced by dir
ionization of the atoms under electron impact (
rate coefficient isz0∞), stepwise ionization of the
excited atoms (with the rate coefficientza∞) and
Penning ionization (the rate coefficient isza ). The
rate coefficients used by Wilke et al. are reported
Table 2. The reduced electric fieldE/n is expressed
in Td: we preferred this unit since it is the convenie
one for electric discharge problems.

Since the diffusion of the excited atoms may
neglected along the discharge axis, Eq. (1) applie
them is rewritten under the form:

(5)
∂na

∂t
+ na

τa
− Pa = 0.

The loss termna/τa takes into account the radial di
fusion to the wall (where once again only the fund
mental mode is considered), the Penning ionizat
the destruction of the metastable atoms by electron
pact (rate coefficientzme) and the stepwise ionizatio
of the other excited atoms. Finally, the production r
Pa for excited atoms results from the total excitati
under electron impact (rate coefficientz0a).

According to Wilke et al., Eq. (3) becomes:

∂ne

∂t
+ bp

be
De

∂2ne

∂x2 + λ2
1Damne

r2
0

(6)− nnez0∞ − 1.45naneza∞ − 1.45nnaza = 0,
wheren is the total density of the plasma, and Eq.
takes the form:

∂na

∂t
+ λ2

1Dmna

r2
0

+ 1.45n2
aza + 1.45nenazme

(7)+ 1.45nenaza∞ − nnez0a = 0.

The value 1.45 is due to the radial average of
quantities as explained in the recent publication
Koch et al. [5] andλ1 is the first root of the zeroth
order Bessel function.

Eqs. (6) and (7) cannot be correct because the
ning ionization is produced by the collision betwe
two metastable atoms according to the process:

He
(
23S or 21S

) + He
(
23S or 21S

)
(8)

za−→ He+ + e− + He
(
11S

)
.

Thus, the term 1.45nnaza in Eq. (6) should be
1.45n2

aza instead and the term 1.45n2
aza in Eq. (7) has

to be multiplied by a factor 2.
Assuming stationary wave propagation for the el

trons, Wilke et al. assumed that D’Alembert’s equat

(9)
∂2ne

∂t2
= v2 ∂

2ne

∂x2 ,

where v is the group velocity is fulfilled. Unfortu
nately, this equation is not appropriate in this cont
because the chaotic behavior of the local light flux m
have two simultaneous physical origins for preve
ing a steady wave. Either stationary electron den
profile is accelerated or broken during its propagat
along the discharge axis, or this profile is excited
damped during its propagation with constant veloc
In both cases, D’Alembert’s equation is incomple
and an additional term has to be inserted accoun
for the necessary unsteady wave propagation. M
over, D’Alembert’s equation cannot be external to
balance equations but must result from them.
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The dynamical variables are normalized accord
to:

(10)X = 106ne

n
, Y = 106na

n
, τ = 104t .

Using these variables and Eqs. (6) and (7), Wilke
al. obtained the set of ordinary differential equatio
(o.d.e. system) as follows:

(11a)
dX

dτ
=Z,

dZ

dτ
= −C1

{
z−

[(
10−5

(
E

p0

)7.3

− 7.44

(
E

p0

)0.3)
X

(11b)

+ 0.52

(
E

p0

)0.65

XY + 0.01Y 2
]}

,

dY

dτ
= −0.15Y + 0.072

(
E

p0

)4.5

X − 0.01Y 2

(11c)

−
[
2.6+ 0.15

(
E

p0

) + 0.52

(
E

p0

)0.65]
XY.

Eq. (11b) shows that the term 1.45n2
aza must have

been used in Eq. (6). In this second equation,

(12)C1 = 10−4bev
2

bpDe

is constant. The reduced electric field is kept under
form E/p0 for easier comparisons with the work b
Wilke et al.

In fact, this set of equations cannot be obtain
from Eqs. (6) and (7). Indeed, after some algeb
Eq. (11b) becomes instead:

dZ

dτ
= −C1

{
z−

[(
10−5

(
E

p0

)7.3

− λ2
1Dam

104r2
0

)
X

(13)

+ 0.52

(
E

p0

)0.65

XY + 0.01Y 2
]}

.

In order to ensure identity between these equalit
the ambipolar diffusion coefficient has to be elect
field dependent:C1 is therefore a function ofE/p0
(cf. Eqs. (2) and (12)). This was not taken into acco
in Wilke’s investigations since all the numerical sim
ulations were done withC1 = 2. Moreover, it is im-
portant to note that deducing Eq. (1) from the gene
Fig. 2. Poincaré section computed from the set of equat
proposed by Wilke et al. with parameters corresponding to Fig
of their paper with the exception ofC2 here equal to 0.294.

balance equation (see Deloche et al. [6]) is equiva
to the assumption of an isotropic diffusion coefficie
In Eq. (6),bpDe/be andDam are consequently strictl
identical. If we suppose a relationship between the
ter andE/p0, thenbpDe/be presents the same cha
acteristic.

Finally, the coupling of the chemistry of the plasm
with the external current circuit allowsE/p0 to be
expressed in terms of the external voltage:

(14)
E

p0
= C2

1+mcosΩτ

X + 0.005
.

With the system proposed by Wilke and co-worke
we computed a Poincaré section (Fig. 2) with
parameters:C1 = 2, m = 0.5, C2 = 0.25195 and
Ω = 2 × 10−4πfa = 4 wherefa is the frequency o
the electric source. The parameter values are c
to the case of Fig. 8c in the paper by Wilke et
The Poincaré section thus obtained corresponds
chaotic torus (Fig. 2). Note that a chaotic behav
structured around a torus is the type of behavior v
often observed in glow discharge experiments, the
being helium [1] or neon [7]. The Poincaré secti
obtained is not exactly similar to the one computed
Wilke and co-workers. This is not too relevant sin
there is a strong dependence on the initial conditio
Indeed, the set of Eqs. (11a)–(11c) defines a n
autonomous system. In such a case, there exis
continuum of attractors in the phase space [8]. In o
words, changing the initial conditions is sufficient
switch from one attractor to another. Since the ini
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Fig. 3. Bifurcation diagram versus the parameterC2 computed for
the set of Eqs. (11a)–(11c) with parameters corresponding to Fi
of Wilke’s paper with the exception ofC2 here equal to 0.294.

conditions are not provided in the work by Wilke
al., it is rather difficult to recover exactly the sam
attractor. The co-existence of many attractors in
phase space is easily exhibited by computing
bifurcation diagrams versus the parameterC2, one
increasing and the other decreasing the paramet
is easily observed that there is a certain range of
C2-parameter for which at least two different attract
coexist in the phase space (Fig. 3). The important p
is therefore to recover a dynamics that is more or
structured around a torus as in the work by Wilke a
co-workers.

Conversely, if we correct the sign of the diffusio
term in Eq. (3),−C1 becomes+C1, and the dynamics
is deeply changed. The behavior is no longer chao
The trajectory is ejected to infinity. This means th
no stable physical behavior can be obtained and
not possible to recover the mean value of dynam
variables as electron and excited atoms concentra
inside the discharge, the existence of a character
frequency for the previous variables, the oscillat
of the discharge current in a linear regime for sm
perturbation amplitude of the voltage. . . [9–11]. Work-
ing with Eqs. (11a)–(11c) may eventually provide d
namics quite close to the experimental ones but c
not provide any explanation of the underlying phy
cal processes. It is therefore necessary to improve
description of these processes to attempt a dyna
compatible with the observed dynamics.
Fig. 4. Influence of the reduced electric field on the electron mob
calculated with Elendif under the conditions used by Wilke et al.

3. An improved model

In order to explain the chaotic behavior in term
of chemistry, we modified Eqs. (11a)–(11c). In p
ticular, we reconsidered the reaction rate for Penn
ionization since this process implies non-linearities
the balance equations and, consequently, could be
relevant process for generating chaotic behaviors
nally the propagation of electronic waves will be d
cussed.

3.1. The diffusion

Eq. (2) is used to calculate the ambipolar diffus
coefficient. The ion mobilitybp is constant and equa
to 0.45 m2 s−1 V−1 for values of E/n less than
40 Td whereas it depends on the reduced electric
for higher values ofE/n [12]. In this problem, the
reduced electric field varies between 10 and 20
therefore, we assumed thatbp = 0.45 m2 s−1 V−1.

The electron mobility depends onE/n over an
order of magnitude around 1 Td. We computed
evolution with the help of the Elendif solver allowin
a temporal resolution of the Boltzmann equation [1
Fig. 4 illustrates the results. For a reduced electric fi
varying between 10 and 20 Td,be is assumed to b
constant and equal to 37.5 m2 s−1 V−1.

We have also calculated the mean electron en
〈ee〉 in order to obtain the parameterDe with the
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classical equation [14]:

(15)De = 2〈ee〉
3meνm

,

whereme is the electron mass andνm the momentum
transfer collision frequency.νm and〈ee〉 are calculated
by Elendif. We obtainedνm = 4.5 × 109 s−1 which
does not depend onE/n and [15]:

(16)〈ee〉 = 2.92

(
E

n

)0.317

,

where〈ee〉 is in eV andE/n in Td. The ambipolar
diffusion coefficient is thus found equal to:

(17)Dam = 0.912

(
E

n

)0.317

.

According to the assumptions by Wilke et al., t
diffusion of electrons and excited atoms (driven by
metastable one) are taken into account as in Eqs
and (7) withDm = 0.045 m2 s−1 [12].

3.2. The chemical reactions

The rate coefficients of chemical reactions are a
reconsidered. The Elendif solver allows the calcu
tion of the electron energy distribution function. It
thus possible to compute each rate coefficient for re
tion under electron impact [15] starting from the mo
recent cross sections.

We used the cross section given by Shah et
[16] for ionization of the fundamental state of He. W
checked that the result is in good agreement with
calculation based on the cross sections obtained
Montague et al. [17] and Kim et al. [18]. Upon th
interval considered for the reduced electric field,
thus obtained the relation:

(18)z0∞ = 1.8× 10−25
(
E

n

)5.6

which is quite different from the one previously use
In addition, our value is systematically higher than
previous one as illustrated in Fig. 5. Despite a p
sible difference in the value of the cross section,
previous discrepancy probably results from the und
estimation of the electrons in theeedf with an energy
higher than the ionization limit. Indeed, this energy
24.59 eV while the mean energy is lower than 8 eV
the electrons in the experimental conditions expres
Fig. 5. Comparison between our rate coefficients (thick lines)
those used by Wilke et al. [1] (thin lines) forzme (solid), z0a
(dashed) andz0∞ (long-dashed lines).

in Eq. (16). Consequently, this underestimation le
to an overestimation for excitation involving energ
less than this mean energy. In the following, we sh
point out this feature systematically. This problem
avoided in our case since the Boltzmann equatio
solved by Elendif. We thus use these new result
the subsequent part of this Letter.

As far as we know, there is no recent data availa
for the calculation of the rate coefficient due
stepwise ionization of excited atoms under elect
impact. We therefore adopted the form proposed
Wilke et al. forza∞ even if, because of the previou
problem mentioned for theeedf, the rate coefficient is
probably lower.

Conversely, further information exists for the io
ization of metastable atoms under electron imp
For the state He(23S) (19.82 eV from the ground
Dixon et al. [19] measured the cross section which
in good agreement with the calculation by Ivanovs
[20]. Raeker et al. [21] developed a model based
the R-matrix method and obtained values system
cally lower than the experimental ones. The exp
mental results are thus considered for the calcula
of zme(23S) and lead to:

(19)zme

(
23S

) = 2.3× 10−14
(
E

n

)0.39

.

Another interest in the work by Raeker et al.
that they developed a calculation of the cross sec
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for the ionization of the metastable state He(21S)
(20.62 eV from the ground) within the same mod
Since, as far as we know, no experimental resu
available, such a result may be a good basis for
determination of the rate coefficientzme(21S). The
cross section is systematically higher than for
He(23S) state as already calculated by Vriens [2
who showed that there exists a 3/2 ratio for the
maximum of the cross section. By considering
ratio at each electron energy between the calcul
cross section and the experimental one for the He(23S)
state, by accounting for the shift of the maximum a
the threshold, and by applying this ratio to the case
He(21S), we obtained after integration over theeedf :

(20)zme

(
21S

) = 3.8× 10−14
(
E

n

)0.37

.

The global rate coefficientzme is thus obtained by
[23]:

zme = zme(21S)n(21S)+ zme(23S)n(23S)

na
.

Although the excitation energy difference between
metastable states is 0.8 eV, the mean electron en
is sufficiently high over the range forE/n in this
problem to provide a local equilibrium between t
two states. In this case, the density ratio is equa
the ratio of their statistical weights, and thus:

zme = zme(21S)+ 3zme(23S)

4

which is interpolated under the form:

(21)zme = 2.4× 10−14
(
E

n

)0.44

.

This rate coefficient is lower than the one conside
by Wilke et al. (cf. Fig. 5). Using a similar argument
that previously put forward forz0∞, the discrepancy
between our results and those obtained by Wilke
al. could be explained by an overestimation by th
authors for these electrons in the distribution funct
with an energy (in order of 4 eV) less than the me
value. This explanation does not hold when the cr
section is involved.

We have also up-dated the value of the rate coe
cient z0a . Using the cross section of excitation und

electron impact measured by Mason and Newell [24],
we obtained:

(22)z0a = 8.7× 10−21
(
E

n

)2.8

.

Although this rate coefficient does not take into a
count the excitation of levels other than the metasta
ones, note that the previous value forz0a is greater
than the one considered by Wilke et al. over the m
important part of the reduced electric field ran
As previously discussed, the discrepancy may be
plained in terms of estimation ofeedf. Moreover, the
calculations done with Elendif show that the mean
ergy of the electrons is significantly lower than the e
citation energy of the metastable levels from the f
damental energy. The contribution of more excited l
els toz0a may therefore be neglected. We thus cons
ered this value forz0a in the following.

Fig. 5 shows the comparison between our rate
efficients and those used by Wilke et al. A sign
cant discrepancy is observed: a ratio of 10 can be
served for specific conditions. Chemistry induces n
linearities in the set of equations as already sho
by Eqs. (11a)–(11c). Consequently, the value of
rate coefficients can influence significantly the asym
totic behavior. Thus, these new values are used in
tion 3.4.

Finally, we discuss the rate coefficientza for
Penning ionization. Much work has been devoted
its determination. For ambient temperature, John
and Gerardo [25] measured:za = 4.5× 10−15 m3 s−1.
This value is also used by Shirafuji et al. [26]. Sin
Johnson and Gerardo determined this rate coeffic
from the measurement of the density of the metast
atoms, the dissociative recombination of He+

2 may be
the origin of an overestimation ofza .

Otherwise, Lee et al. [27] usedza = 6.2 × 10−16

m3 s−1 which is in very good agreement with the val
determined by Kristian [28] (za = 7× 10−16 m3 s−1).
Note that these values are lower than the previ
ones. Kolokolov and Blagoev [29] have studied
global rate coefficient for simultaneous Penning
fect and associative ionization for helium for which t
metastable state involved is known. The global rate
efficient is about 10−14 m3 s−1 which is much higher
than the previous values forza . The probability for as-
sociative ionization being significantly lower than th
for Penning ionization [30], the order of magnitude

−16 −15 3 −1
za may be higher than 10 –10 m s .
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Table 3
Rate coefficientza for Penning ionization. The last column give
the non-dimensional values ofza denotedαP

Reference Year za (m3 s−1) αP = 10−10nza

Johnson et al. [25] 1973 4.5× 10−15 0.0261
Kolokolov et al. [29] 1993 10−14 0.0579
Kristian. [28] 1996 7× 10−16 0.0041
Lee et al. [27] 1997 6.2× 10−16 0.0036
Muller et al. [30] 1991 1.79× 10−15 0.0104
Neynaber et al. [31] 1978 1.96× 10−15 0.0114

For low energies, there is little recent informati
about the Penning ionization cross section. Exp
mentally, over the interval 10� E � 100 MeV, Neyn-
aber et al. [31] have determined the evolution of
total cross section for Penning and associative
izations towards the kinetic energyE of the collision
partners. As the associative ionization amounts to 1
of the total ionization, for the Penning effect these
thors deduced the cross section:

(23)σP (E)= σ0

(
E0

E

)α

with σ0 = 112× 10−20 m2, E0 = 33 MeV andα =
0.38. We calculated that for 300 K this cross sect
leads toza = 1.96 × 10−15 m3 s−1. More recently,
Muller et al. [30] experimentally and theoretical
investigated this cross section. They proposed
same equation as Eq. (23) but withσ0 = 103 ×
10−20 m2, E0 = 33 MeV andα = 0.28. With these
conditions, we estimated thatza should instead be
equal to 1.79× 10−15 m3 s−1 for 300 K.

Table 3 sums up theza values available in the
literature. No one value seems to be preferred.
rate coefficient for Penning ionization is thus:za =
(5± 4)× 10−15 m3 s−1.

3.3. The propagation of electronic waves

The ionization waves are mainly characteriz
by an oscillation of the structure of theeedf as
clearly pointed out by Rayment and Twiddy [3]. The
experiment was done with neon but all the followi
characteristics may be extended to helium as we
the other noble gases. Using a fast Langmuir pro
they showed with time-resolved measurements
these waves are related to the crossing of areas w
the electric field is very high and have an influen
upon the eedf without a direct relation with the
external field applied. The latter distribution is doub
peaked. The corresponding electrons are in fact th
accelerated by the strong reduced electric field (80
in order of magnitude in their case) and produ
secondary electrons with less energy by inela
collisions. The distribution is also unsteady. Wh
the field decreases, the highest peak moves tow
higher energy and vanishes. It is important to note
these results are related to different conditions for
discharge than in our case: the current (330 mA
much greater and the pressure lower (0.32 Torr)
gas (neon) for which the ionization limit (21.56 eV
is lower. Thus, theeedf is closer in our case to
Maxwellian one as shown by Elendif: it is therefo
not double-peaked, quasi-steady andE/n is much
lower. But the general behavior is the same: the wa
are characterized by moving areas whereE/n is high
and not equal to the external electric field lead
to the oscillation of the collected light flux. Th
distribution ofE/n is hence spatially periodic.

Using a Langmuir probe different from that of Ra
ment and Twiddy, Van Den Berge and Vermeulen [
pointed out the periodic behavior in a given locati
of the mean electron energy〈ee〉. This parameter is
related to the reduced electric field by Eq. (16). The
foreE/n behaves identically. As a result, the char
teristics of the total flux intensity mentioned in Se
tion 1 are not only due to the oscillation of populati
densities for the excited atoms but also to the spe
behavior forE/n.

The main consequence is that uniformity of t
reduced electric field is impossible: electroneutra
cannot therefore be satisfied. Electrons and ions h
to be separately balanced. This is an additional rea
to modify the model by Wilke et al.

In fact, the electron and ion densities are th
related to the gradient of the quasi-static electric fi
by Poisson’s equation:

(24)
∂E

∂x
= (ni − ne)e

ε0
,

wheree is the absolute value of the electron charge
ε0 the permittivity of the vacuum. Consequently, ele
trons and ions axially diffuse separately. For electro
the diffusion flux density accounts for the contributi
of the drift due to the electric field and the thermal d
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(25)Ie = −nebeE −De

∂ne

∂x

while the diffusion flux density related to the ions
reduced to the influence ofE, the diffusion coefficient
being negligibly small:

(26)Ii = +nibpE.

Very recently Golubovskii et al. developed a kine
model based upon the Boltzmann equation written
der a form suitable for weak anisotropy to explain
propagation of the ionization waves in such dischar
[32,33]. With our approach using Elendif, such a
sumptions do not necessarily improve the validity
the results. Starting from an arbitrary spatially mod
lated profile, they showed that a phase shift appears
tween the maximum of the ionization rate and tha
the electron density. Such a shift stimulates the pro
gation of the waves as a result of non-local effects.
non-local effects, we mean that the local density
electrons as well as all integrals of theeedf result not
only from the local value of the reduced electric fie
but also from the value of its gradient. Eqs (25) a
(26) show that such a relationship is ensured, the
ance equation for ions and electrons (see Eqs. (28)
(30)) accounting for the gradient of their flux densit

The macroscopic scales of the ionization waves
significantly larger than the microscopic scales (D
bye lengths). Nevertheless, the departure from qu
neutrality as previously claimed must be address
Indeed, Eq. (24) allows to justify that quasi-neutral
is not valid.

The common value for the electron density m
sured in such a discharge isne 
 1015–1016 m−3. As-
suming a departure from neutrality equal to 0.1% only,
Eq. (24) leads to:

(27)
∂E

∂x

 (2–20)× 104 V m−2

that is the order of magnitude calculated by Go
bovskii et al. [34,35] in the vicinity of the ionizatio
wave front in a neon discharge. On the other ha
Van Den Berge and Vermeulen measured the m
electron energy in moving striations with Langmu
probes [36]. Thus, when a wave front crosses the pr
with the speedv = 150 m s−1, they obtained:

∂〈ee〉 
 4× 104 eV s−1
∂t
and〈ee〉 
 9 eV. Calculating with Elendif the follow
ing relationship between〈ee〉 andE/n for neon:

〈ee〉 = 4.90

(
E

n

)0.209

and assuming that the waves are neither exc
nor damped during their propagation with const
velocity, we thus obtain the value for the gradient
the electric field:
∂E

∂x

 6.5× 104 V m−2

in good agreement with Eq. (27). Consequently, e
small deviations from electroneutrality can explain
gradient of the electric field. Our aim in elaborati
this new model is to identify the main process
responsible for the behaviors described in Section
and 2 where the waves could play a very import
role: the assumption of electroneutrality has to
abandoned.

The discharge region where it is well known th
electroneutrality is not fulfilled is near the cathode. F
helium, the previous orders of magnitude for∂E

∂x
, 〈ee〉,

E/n andne have been measured by Sirghi et al. [3
It seems that the electric gradient occurring in
ionization wave is similar as gradient observed in
cathode region. Under the conditions here conside
quasi-neutrality is definitely not fulfilled.

Finally, we assume that the diffusion toward t
wall is purely ambipolar. The approach by Wilke
al. is thus used.

3.4. The new set of equations

According to the previous discussion:

• Eq. (6) should be rewritten under the form:

∂ne

∂t
+ ∂

∂x

(
−De

∂ne

∂x

)
+ ∂

∂x
(−nebeE)

+ λ2
1Damne

r2
0

− nnez0∞ − 1.45naneza∞

(28)− 1.45n2
aza = 0;

• Eq. (7) as:

∂na

∂t
+ λ2

1Dmna

r2
0

+ 2.9n2
aza + 1.45nenazme

(29)+ 1.45nenaza∞ − nnez0a = 0;
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• and the balance equation for ions as:

∂ni

∂t
+ ∂

∂x
(nibpE)+ λ2

1Damni

r2
0

− nnez0∞

(30)− 1.45naneza∞ − 1.45n2
aza = 0.

With the variables defined by Eq. (10) and:

(31)W = 106ni

n
, x̄ = x

l0

we obtain the new system of equations:

∂X

∂τ
− 4.53× 10−2 ∂

∂x̄

[(
E

n

)0.317
∂X

∂x̄

]

− 0.53
∂

∂x̄

[(
E

n

)
X

]
+ 5.26

(
E

n

)0.317

X

− 1.044× 10−6
(
E

n

)5.6

X − 0.227

(
E

n

)0.65

XY

(32a)− 1.45αPY
2 = 0,

∂Y

∂τ
+ 0.259Y + 2.9αPY

2 +
[
0.202

(
E

n

)0.44

(32b)

+ 0.227

(
E

n

)0.65]
XY − 0.0505

(
E

n

)2.8

X = 0,

∂W

∂τ
+ 6.37× 10−3 ∂

∂x̄

[(
E

n

)
W

]

+ 5.26

(
E

n

)0.317

W − 1.044× 10−6
(
E

n

)5.6

X

(32c)− 0.227

(
E

n

)0.65

XY − 1.45αPY
2 = 0,

(32d)
∂(E/n)

∂x̄
= 7.42× 106(W −X),

whereE/n is expressed in units of Td.

3.5. The boundary conditions

For several authors, notably Emeléus and Daly [
and Loeb [39], it seems that the moving striatio
may originate when the ions oscillate in a poten
minimum near the cathode. In this region, our mo
is not valid: indeed, the ions are highly accelera
by the electric field in the sheath, heating by cha
transfer the neutral particles which in turn heat
electrode. Moreover, they bombard the latter a
produce secondary electrons: the behavior is t
completely different from that in the positive colum
of the discharge for which the model of this Letter h
been elaborated.

The boundary conditions considered are con
quently related to the positive column itself and ma
no distinction between the electrodes. If the sourc
striations is an oscillation of the ions, we may be a
to reveal it by a periodic disturbance of the exter
voltage.

The currents calculated at each side of the
charge:

i = πr2
0e(Ii − Ie)

are therefore identical. We have:

i = 5.41× 10−4
[(

E

n

)0.317
∂X

∂x̄
+ 11.7

(
E

n

)
X

+ 0.141

(
E

n

)
W

]
x̄=0

(33)

= 5.41× 10−4
[(

E

n

)0.317
∂X

∂x̄
+ 11.7

(
E

n

)
X

+ 0.141

(
E

n

)
W

]
x̄=1

,

whereE/n is expressed in units of Td.
Moreover, the balance equation for the exter

circuit leads to:

(34)U=(1+mcosΩτ)= 23.8

1∫
0

(
E

n

)
dx̄ +Ri.

4. Conclusion

We put forward the model elaborated by Wilke
al. to explain the behavior of a helium glow dischar
for particular conditions where prechaotic and chao
regimes are obvious. We show that this model h
to be improved since some physical principles w
not satisfied. Correcting some of them induced,
example, the change of the sign of the elect
diffusion term; the first model thus became inoper
to properly describe the underlying dynamics.
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We therefore present an improved model which
mainly based upon the assumption of a separate
tion for charged particles and uses an up-dated se
rate coefficients calculated with the help of a sol
to treat the Boltzmann equation. This directly resu
from the non-uniform electric field characterizing t
moving striations inside the discharge; it is likely th
these striations cause the chaotic regimes. This
model is no longer constituted with ordinary diffe
ential equations but with partial differential equatio
which are much more tricky to integrate. The num
ical investigation of the dynamics generated by t
new model is therefore postponed for future work.
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