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Modeling Environmental Dynamics
[ Jele}
Environmental Aspects

Environmental problematics
Eco-bio-physical system:

T,h,p,S, etc.

é 5 [
/ Dynamic system:
/ =3
X = f(X)
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Modeling Environmental Dynamics
(o] le}

Environmental Aspects

Environmental modeling

Governing

Phase space reconstruction
equations ?

Time series ‘

I 3
Fa ey Global modelling
\J
—- (insensitive to the initial conditions)
() B
A - NARMAX (Aguirre & Billings, 1995)
’_-"_\\ — - univariate ODEs(Gouesbet & Letellier, 1994)
Sl - multivariate ODEs(Mangiarotti & Huc, 2019)

- Ansatz library (Lainscsek et al., 2001)
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Modeling Environmental Dynamics
[ole] }

Environmental Aspects

Results obtained so far?

Theoretical
cases

Experimental
systems

Environmental
observations

uniODEs

Lorenz-1963

Rossler-1976
Gouesbet & Letellier 1994

Electrodissolution
Letellier et al. 1995
Mixing Reactor
Letellier et al. 1997

Lynx population
Maquet et al. 2007
Cereal crops
Mangiarotti et al. 2012
Karstic springs
Mangiarotti et al. 2019

multiODEs

Quadratic-cubic

Systems (3D-5D), etc.
Mangiarotti & Huc 2019

Bombay plague
Mangiarotti 2015

Ebola in West Africa
Mangiarotti 2016
Earthworms cycles
Mangiarotti 2021

Ottochaos
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Ansatz

Lorenz-1963

Rossler-1976
Lainscsek et al. 2001, 2003
Malasoma & Boiron, 2003
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Modeling Environmental Dynamics
€000

Global Modeling

Global Modeling

¢ Original formulation * Univariate reformulation
(¥15 X35 o 5 Xy) (¥, 2 8 00)
X = .fi(xl’xza--’xn) X, =X,
X'z:fz(xl’xzr"xn) ‘ X2:X3
&, = [ x.0%,) X, =F(x.X,..X,)

Lie derivatives + inversion

z af; N
£ofi@ =D 50 = Z L \

Flxpxp 0xy)  Flxp, X, Xon o)
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Modeling Environmental Dynamics

[e] Jele]

Global Modeling

Global Modeling

* Original formulation * Univariate reformulation

('xl’ K5 oo ’xn) (-Tla il:-’.‘:ls )

X :fl(xpxzr-:xn) X=X,
X, = fz(xl,xz,..,x”) ‘ Xz — A3
i‘n :f;i(xlix2""xn) Xn

Observability problems
Letellier & Aguirre (2001)
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Modeling Environmental Dynamics
fele] o)

Global Modeling

Global Modeling

* Original formulation * Univariate reformulation
Crys Xos o5 Xy) (. X0 X onn)
X :ﬁ(xl,xz,..,xn) X=X,
X :fz(xlaxzr-axn) X2 =A;
X, :.f;i(xlix2""xn) Xn :F(XI-,XE,..,X”)
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Modeling Environmental Dynamics
000e

Global Modeling

Global Modeling

¢ Original formulation

(-xp KXoy woe s x“)

¢ Univariate reformulation

(xp. %, %, .00

'X.-l = fl(xlaxzr-:xn)

X=X,
x, :fz(xl,xz,..,x”) Xz =X
. -
'i‘n :-fil’i(xl’xz""xi’}) Xn :F(xi=X2="=Xn)

Ansatz library: A library of identities between these two formulations

M.Tabone, Y.Zhang, S.Mangiarotti
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Ansatzs libraries
[ Jele}

C.Lainscesk Library

C.Lainscsek Ansatzs library

i = ag+ oz + [@9) + agr’
i = by + by o byy + buz® + bsry + [bozz ] + by

i = g OT + O + 37 + C4T° + CsTY + T2 + O1Y° + Gy + 0020
7 = ag + ayx +[2ay) + 2z’
Ay = 0 = by + byx + by + [bsz] + bis® + byxy + buy®

i =g X + Gy + 093 + I F CTY + X3 + O7F + CsyT + cg2?

F=ag+ayT+ a0+

Ay =0 §= b+ bz + byy + by’ + bszy +

3 g4 0T 4 Cay + €33 4 02" + oxy + cex2 + ory® + cayz 4 0p2°
F = ag + ayr + agr®
Av= L= b+ byr + by +[Baz] 4 bir® + by + boy?

3= 004 O 4 CY + 23 + T + C5TY + CeT2 + €30 + sy + €37

X, X X,)

i

i = by + byz - by + bya? + byzy + by +

3= 0o + 1T + 3y + €32 + 47" + cszy + coxz + o7y + eayz + cp2?

Ag

[]
=

= by + byx + bay + byz® + by + byy® +| beyz
3= 0o+ €1 + cay + €32 + 45? + cszy + coxz + o7y® + esyz + cp2? Lainscsek et al. 2001, 2003
- ,

[m] = = =
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Ansatzs libraries
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C.Lainscesk Library

C.Lainscsek Ansatzs library

=g+ 0T+

Av= 1 §= b+ bz + by + buz® + byry + [Bezz] + by’

i ot e by b+ ort +osxy + 02 oyl + ey + 2t
3= ag+ 0y + (G + oy’

A= q = by byz + by + [Baz]+ bz + buzy + b?

P=cot X+ oyt o+ s +esry + 66z + oyt + eayz + g2t

i = g+ )z + agx® + [G57Y)

Ay =1 4= bot bz +bay + bia® + byzy+[bezs] + by’
3w o+ €T + 0y + G + O4TT + 65Ty + 66T + CrYt + eays + 6p2?

& =g+ @z +agz’ +[asy

A= 0= b+ bx by + bz |+ b2 4 bory + by

P = ok T + O + O+ 0ar” + esTy + GT2 + ory’ + sy + 002

§ = by + bz + bay + bz + bszy + by +

i=co+ 013+ 0y + Gz +ca7® + csxy + Coxz + o1y + cayz + o’

As = { = bo+bix +bay + bux® + bszy + byy® + | bsyz
i=co+ e+ eyt ezt az® +oay + cxz + oy + cayz + cox

2 Lainscsek et al. 2001, 2003
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Ansatzs libraries
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C.Lainscesk Library

C.Lainscsek Ansatzs library

Ansatz identification is presently limited to:
¢ 3-dimensional dynamics

® original formulation of degree 2

We decided to construct another library extended to non autonomous
equations.

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 11/32



Ansatzs libraries
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2D-Forced Library

Construction of a new Ansatz library

Case study: famous non autonomous systems: the Duffing system and
the Van der Pol system which are cubic sytems.

— Include two supplementary terms in the general original formulation:

(l) _ X = ao+alx—|—azy+a3x2 +a4y2+a5xy+au
y = by + bix + boy + bsx® + bay? + bsxy + Ax3 +Tx%y + v

with u(t) or v(t) a known external forcing of unknown dimension.

M.Tabone, Y.Zhang, S.Mangiarotti
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Ansatzs libraries
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2D-Forced Library

Construction of a new Ansatz library

i = X =ag+ ax+ aoy + a3x® + asy? + asxy + au
T ¥ =bo+ bix + bay + b3x® + bay? + bsxy + Ax3 +Tx%y + Bv

Inversion problems
& Restriction to polynomial forms

e QOriginal structure if x is observed:
Xx=ap+ ax+y+ax’+au
(1) =< y = by + bix + bay + b3x® + byy? + bsxy + Ax3
+Ix2%y + Bv

e QOriginal structure if y is observed:

(12) = X =ag+ ax + azy + 33x7 + agy® + agxy + au
y = by + x + bay + bay? + v

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 13/32



Ansatzs libraries
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2D-Forced Library

Construction of a new Ansatz library

® Original structure if x is observed:

(= F=a+axtay+ 23x2 + agy° + axy + au
T U ¥ = bo+ byx+ by + byx? + bay? + bxy + Ax + Tx%y + v

&= a b axry o+ and +ou
(1) =] 7 = b+ byx + bay + by + bay? + biay + Ax3
Py +dv

= Original structure if y is observed:

(2= [ #= 3k avc aay + oy a? gy +au
¥=botxt bpy + bay

The new library:

Observed variables: x, u Observed variables: y, u

. _[y=Y

X-=X2 (A‘):{ Yy =6y +...+bgu
(A1) =< Xo =0+ ... + fgu + Oygu?

Houx - bizwd 4 030X+ Bial Quoarved variables: ¥, v
Observed variables: x, v

%=X y="
w={ e (As)= ] Vo= lo+ .+ baow + Oyw + 032
2= sy +O13yv + O1ay?v + b5 Yav

Observed variables: x, u=v
Observed variables: y, u=v

%= %
(As) = Xo =6+ ... + (B9 + b15)ut y_:Yz )
= G100 + Opux + 012ux® + B3uXy  (As) = Ya =60+ .. + b1oV + (611 + bo)v
+01a0 +612v% + B1ayv + Oay’v + b15 Yav

S.Mangiarotti Ottochaos 11/10/2023
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2D-Forced Library

Ansatzs libraries
000e

Two categories of coefficients

Example for Az:

0o = baat + by — aobn

01 = by — a1by + 2bsagay — apbs

0 = by — a3by + byal + 2bgagaz — a1bs — [ag
03 = A + 2bsaiaz — azbs — a1

94 — b4a§ — agl'
Global coefficients # and original

05 = bpay — 2bs2p coefficients a, b, a, 3, I and A.

s = by

O0; = —2bgay + 2a3 + bs
g = — 2bgaz

015 =f3

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023
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Algorithms
90000

Organisation and Goals

GPoM Package

P
=L
o
I

® Sylvain Mangiarotti & Mireille Huc
® Global Modelling Tool

e QObtain equations close to the dynamics
of the observed system

The Comprehensive R
Archive Network

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 16 /32



Algorithms

Organisation and Goals

Retrieving the Original system

(I) Ansatz identification is limited to low-dimensional dynamics

() Global modelling (with GPoM algorithm) could be used to get low-
dimensional approximaton of high-dimensional dynamics but

Its identification strategy cannot be used straightfoward

=X,
X=X GPC'M ~ P 5. X)) = G+ 8t O X+
forrr) P

X=agta|x+ayy +a,.,+u4\r +asxy

+ri,,.\':+u7_|"+u,d‘:+u.;:‘ .. ..
Y= byt b+ Bay+ bz bt + bexy Original coefficients
+hexz+by +bgyz+byz? (a. b, c)
i=egtexteytozten’tosy unavailable
+egxzt cqpt gyt eyt

M.Tabone, Y.Zhang, S.Mangiarotti
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Algorithms
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Organisation and Goals

Two step process

/ Global Model \

/ Original Model \

Defining of a loss
fonction adapted
to each model

Implementation

of the Ansatzs

Using CMAES
with the loss

function to find
the original
coefficients

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 18 /32




r Environmental Dynamics

libraries Algorithms
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Organisation and Goals

The case study

Duffing system:

x=y
y=-x3—ay+u
u=v

v =—w?u

Georg Duffing
(1861-1944)
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odeling Environmental Dynamics

Algorithms

Organisation and Goals

The case study

Modified Duffing system :

Y,
= —0.02y — x — 53
=v

= —0.25u

L~ =t <
|

i

Georg Duffing
(1861-1944)

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 20/32



Algorithms
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The global model

Search

e Candidates for the global model:
Approximation of the 6;:

1] 1
dx1l/dt = 1 x2
dx2/dt = -0.00204296 + 7.95036759 X3 =-0.01973319 X2 + 0.002279 .
71 X2A2 -1.182612 X1+ 0.00018522 X1 X2 -0.0024935 X1A2 -0.00 L d OUtpUtS.
029093 X1A2 X2 -4.83310754 X1A3 + 4.92e-06 X1A4 .
© SuperMat list [37]
dx3/dt = + © SuperStruct list [2022]
SuperAns integer [2022]
dx4/dt = + P ger [2022]
SupernbFinal double [37]
[11 2

dx1l/dt = 1 x2

We obtained 37 candidates

dx2/dt = 7.950436 X3 -0.01975 X2 + 0.002139 X2A2 ~-1.182801 X1
+ 0.000186 X1 X2 -0.005197 X1A2 -0.00028 X1A2 X2 -4.833024 X1A for the g|0ba| mOdeI
3+ 0.000861 X1A4

dx3/dt = +

dx4/dt = +

Ottochaos 11/10/2023 21/32



Algorithms
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The global model

Phase portraits

S
2 o4 o0 4 2 & # ® W 2 2 4 0 1 2
(1) x(t) x(t)
(a) Modified Duffing system (b) Modified Duffing system (c) Equivalent Ansatz of the
in (z,y) projection in (z,) projection modified Duffing in (z, &) proj.

[} [ =
M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos
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The global model

Numerical Integration

REJECTED REJECTED REJECTED

T T T T T T
100 0 %0 “0 0 &0

Divergence Fixed point Limit cycle

Model
— Synthetic data

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos
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The global model

Numerical Integration
CONSERVED

— Model
= Synthetic data

Only 5 global models are
conserved.

Ottochaos 11/10/2023 24 /32
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The global model

Two step process

( Global Model \
/ Original Model \

Defining of a loss
fonction adapted
to each model

Implementation
of the Ansatzs

Using CMAES
with the loss

function to find
the original
coefficients

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 25/32
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The global model

Reminder: Two categories of coefficients

Example for Az:

0o = baat + by — aobn

01 = by — a1by + 2bsagay — apbs

0 = by — a3by + byal + 2bgagaz — a1bs — [ag
03 = A + 2bsaiaz — azbs — a1

94 — b4a§ — agl'
Global coefficients # and original

05 = bpay — 2bs2p coefficients a, b, a, 3, I and A.

s = by

O0; = —2bgay + 2a3 + bs
g = — 2bgaz

015 =f3

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023
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The original model

Covariance Matrix Adaptation - Evolution
Strategy(CMAES)

® Stochastic optimization algorithm

® Developed Heike Trautmann, Olaf Mersmann and David Arnu
® Available on the CRAN

® Used to approximate the original coefficients

Generation 1 Generation 2 Generation 3

Generation 4 Generation 5 Generation 6

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 27/32



Algorithms
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The original model

Loss fonction: Mean Square Error

The definition of the Mean square error is:

1 n
MSE = = — f(x))?
n ;(}4 (x))
with:
® n the size of the sample
® y the variable we want to approximate

f the function to test

x the explanatory variables

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 28/32
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The original model

Validation of the approximation of the original model

[1] "Nous en sommes a la 241 éme sous structure"
[1] "1'ansatz utilisé est le 2"
[1] "Les variables qui entrent en compte sont"

P v o e R AN e e X3 " xana "
(8] " " "x1 x3 " i "x1a2 " "X1A2 X3 " "X1A2 X2 " "X1A3 " -
[15] "Xx1n4 " Original Model

> valLoss2[[241]]

[1] 0.0001124674

> struct[[241]]
(111101001011011100

> valLoss3[[241]]

[1] 0.0001124642

> BestPar3[[241]]

[1] 2.582894e-02 -9.068510e-04 -3.453248e-04 |7.674675e+00-1.740495¢+00
[6] 1.771724e-05 7.726695e-04 [4.61481/e+00]

> inMod

L 37 Approximation of the Original Model
[1] 1000

5 dx/dt = 0.0258289 (+ 7.6746747 u @‘0.0009069 X -0.0003453 xA2
dy/dt + 1.77e-05 yA2( -1.7404947 x )+ 0.0007727 x y (-4.6148173 xA3

¥+ 8u
= —0.02y — x — 5x°
=v

—0.25u

< - X
|

u}

L)
I
I

it

Tabone, Y.Zha S.Mangiarotti Ottochaos



Algorithms
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The original model

Validation of the approximation of the original model

— Model
— Synthetic data

We obtain only one original
model.

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 30/32
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The original model

Perspectives

® Complete the library with some other structures

® Use this method on observed data

portrait de phase différentiel du débit de I'eau

M.Tabone, Y.Zhang, S.Mangiarotti Ottochaos 11/10/2023 31/32



The original model

Algorithms

000008

Thank you!

M. Tabone, Y.Zh

S.Mangiarotti
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