FAMILY OF DIM2 LATTES MAPS
NOTION OF FOCAL POINT

The Lattes’ purpose (1911)

Designing a method generating particular families of Dimp nonlinear maps 7 with constant coefficients

Yoy = X0 Xt X1 ), 1= 0,1,2, v(0) being a given initial condition ‘

the solution v, = g{xp.v1,....x,-1.72) being expressed from the classical nontranscendental functions of the
knathematical analysis, the inverse map 7' being easily obtained.



The 1911 Lattes’ example.

The [Lattes, 1911] article illustrates the method by building a D2 2 maps famaly :

Yprl = Vi Varl = fXnaVe), 1= 0,21.£2, , with the mitial condition xg, vg

fbemg a hiolomorphic function, detined i the domain ot a fixed poini [0, 0], with
multipliers (eigen values) S;, 7 = 1.2). The method uses two "auxihiary" holomorphic
tunctions A1 (v, v), A2(x,v), A1(0,0) = A,(0,0) = 0, satistfymg a

A N1, Vir1) = S1A1(X0. V), Ao X1, V1) = SoAdo(Xn, V)

which generates solutions x,, = /ilxo,vo.1), v, = k(xg,v0,7) written from the classical
nontranscendanital functions ot the mathematical analysis.
For this purpose, the Lattes” process beging with the arbitrarily given function

A +.T2

A =
: | — V1




Lattes chooses the mui/nipliers (eigenvalues) S = 1/3, 5, = 1/2, and lus map 7 13 :

f-':" ) . . 51}3 - .-ﬁl‘l;pg + {’.::;.-ﬁl‘lpg-l-?g
Npr1 = J(Xn, Vi) = Vo, Varl = Xn.Vau) = —2 - =
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Numerator and denominator cancel at a pomt called m [Mira, 1980] (Focal Point)
Constdering 77 ag a continuous variable, 77 = 7, the parametric equation of the phase

plane trajectories x = x(1), v = x(1+ 1) (7 being the parameter) 1s:
v = S ta+ 27D - 37U g4 27 llp
c—3%a | c—3®hg 7

a= 3xy—0vy, b=0vy—2xg+4dxgye, ¢ = 1+3x5— 2y

The inverse map 7' is given by

::‘THH - 6,1'?z+1 + 8T?’3+1,TH+1

- - Va = X
16.-1-'}2+1 - {C}-ﬁlgﬁ-l + J. o wr

Xy =







Polynomial invertible map its inverse generating a focal point.

The [Mira, 1981] paper gives such a map example, defmed m the whole (x. 1) plane m the form:

' Xp1 = Va Va1l = Ypla+ fh'n |+ CVy T+ A, ‘

Its jacobian J = —(«@ + by) vanishes on the y = —a/b, the image of which by 7' (v = —a/h)
is the point v = —a/b, v =/ —ac/b, which 18 the focal poini of T The mverse map 7" is -

Vu = Xu+1, Xn =

71 Va1 T Gl — /
' bxp1+a

I~ is not defined at the focal point Olx = —a/b =-1.5, y = ac/b+ /., 1.e. the image of J = 0,
I'(J = 0) = 0. The prefocal seris the line 6o x = 4 - ac/b.
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(@a=-1,b=1,c=-023232 / = 1. The attractor (”1'111-':1“1311’[ closed curve") presents

a focal pomr O with 1ts pretocal line 0. O and each of its mcreasing rank images O, = (0,

1 — w, are located at self mtersections of a "/oop". (bya = -1,b=1,c=-03232, 41 =0.775
Decreasing / values leads to a bifurcation (o has a tangential contact with the "mvanant closed
curve"), which transforms O with 1ts related loop mto a cuusp, the same for 7%(0), n = .



Example of chaotic attractor generated by the polynomial invertible map. Its form 18 conditionned by the
presence of a focal point Q (knot) with its rank 1 and 2 mmages (@ = 1.5, = 1,¢c = —-0.75 4 = -0.5)
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